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ABSTRACT 

We present a second order gravity action which consists of ordinary Einstein action 
augmented by a first-order, vector hke, Chern-Simons quasi topological term. This theory 
is ghost-free and propagates a pure spin-2 mode. It is diffeomorphism invariant, although 
its local Lorentz invariance has been spontaneuosly broken. 
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In three dimensions, it has been pointed out by Deser, Jakiw and Templetont^l that 
addition of the tensorial topological Chern-Simons term Stcs ~< udu + > to the 
Einstein action 5"^ yields a gauge invariant, ghost free, pure spin-2 massive theory. In 
this paper we present a softer possibility, which also gives rise to a massive spin-2 theory. 
Instead of the tensorial CS term we introduce the vectorial CS term constructed out of 
the dreibein variables = dx'^e^ 

Svcs^K'^n^)-' < e;eP--'dre,a > • (1) 

Here fi is the topological mass of the system, k is the 3-d gravitational costant, Csa = 
Gs^Vba, Vba is the flat Lorentz metric ( — and e^^* is the Levi-Civita density, e'^^^ = +1. 

This action is diffeomorphism invariant and it is not local Lorentz invariant. It is 
topological in its world indices. It can not be regarded as fully topological because it needs 
the flat metric rj"'^ to be a good invariant. Neither it is locally conformally invariant. As 
it happens with the other two actions we mentioned before, Sycs alone does not contain 
local excitations. The full action we postulate here is 

S^{2kY' < epae^'^^Rmn^io) > +Svcs = Se + Svcs (2) 

where Rmn"'^ dmOJn"' — dnOJm"' — ^"'bc^rn'^^n^ is the planar Riemann tensor, u}°'^ dx'^ Ur°' 
and dx'^Cr"' being respectively the affinity and the dreibein one- forms. 

In spite that Einstein action 5"^; is both local-Lorentz and diffeomorphism invariant, 
and the vector- CS term is only diffeomorphism invariant, complexive action S is just 
diffeomorphism invariant too. 

The situation is similar with massive tensor CS-gravity, which is the sum of Stcs^Se- 
This system is not locally conformal invariant due to the non conformal invar iance of the 
Einstein action. There is a hierarchy of the local symmetries, starting with the tensorial 

which is locally conformal, Lorentz, and diffeomorphism invariant. Then it comes ordinary 
Einstein action (2) locally Lorentz and diffeomorphism invariant and finally one has Svcs 
which is only diffeomorphism invariant. 

Each of these actions alone has non local excitations. However massive tensorial CS 
gravity has a pure spin-2 content. Massive vectorial CS gravity, eq. (2), will be shown 
to have a pure spin-2 content too. One might even go a step further and lose all gauge 
invar iances. 

In that case, one ends up with self-dual gravity t^^, a first order action on flat three 
dimensional Minkowski space having no gauge invariance, and a ghost-free, pure spin-2 
content. 

Independent variations of a;p", e^" in S yield the standard torsionless value of cUp" in 
terms of the dreibein variables. 

seu^a = epte/e^'^^a.e/ - 2-ie/e,be'?'^^a,e/ (4) 

and the (second order in Cp") field equations 

EP-^e^rnn^^^a^^^ + 2//eP^"a^e„'^ = 0. (5) 
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Their associated Bianchi identities read 



dpEP"" - e^c^ojJ'EP'' + 2^ie'''^'un''oJr^esb = (6) 

Insertion of ujp"' as given by eq. (4) into eq. (5) leads to the second order field 
equations which determine the dynamics of the system. The Riemann tensor has now a 
source ~ /ieP"^"^5^e^" which makes it locally non trivial. 

Consequently now we have the possibility of local excitations, as we will show below. 
Physical variations of the dreibein variables under small difi^eomorphisms are Se^"' ~ Dr^°'- 

In order to understand the physical content of this theory it is convenient to analyze the 
associated linearized system, which can be obtained in straighfoward manner by intoducing 
Cpa = Vpa + i^hpa, LOp'^ = Ku>p°' in action (2). S then becomes 

2^Lm ^< 2a;p«eP"^"a^/ina - Vpae'''^''e%cujju;n' > < hp^'e^'^'drhsa > (7) 

We perform a 2+1 decomposition introducing qj^hjQ. S^^'^ can then be written as 

+ nqie'^doQj - 2ui^e'^doqj - [2uij + iJihij]e'^ d^hij > + 

+ < U)jjUu — UJijUJji > + 

+ < 2uJo^ [t'^d.qj + ujj,] + 2ujq' [t'' d^hji - ui""] > . (8) 

cjo^, ojq' constitute multipliers associated with the algebraic constraints 

VQ-^e'^diq^+ujjj ^Q, (9a) 
Vi^e'^dihji-ui'' = Q. (9b) 

They provide the respective values of ojjj, ui^ in terms of the coordinates hji, qi. 
Then we observe that /toO) ^oi ^ire Lagrange multipliers too. They are asocciated with the 
diferential constraints 

C^^EijdiUJj^ - fieijdiqj = 0, (10a) 
C^^eijdiUji + ^^e'^^ihjl = 0. (10b) 

To achieve the unconstrained formulation we introduce the T + L 2-dimensional 
decompositions 

qj=(id)jq'^ + djq'^, (11a) 
hij ={id)ihj + dihf 

^{id)i{id)jh^'^ + {id)idjh^^+ 

+di{id)jh^^ + didjh^^ (lib) 
and similarly for a;^, where di is the unit gradient, dj^ p~^dj, p"='(— A2)^, {id)j'= —ejidi. 
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Eq. (9b) gives the value of 0;^°, 

= -ph^i. (12) 

Inserting this expression for uji^ into eq. (10a) provides 

5^ = -fj,-^ph'^^. (13) 

The vectorial differential constraint C'' determines ujf 

uj'^i = -fxh^i. (14) 

Finally, getting back to Vq and taking into account eqs. (13) (14) we obtain oj^^, 

a;^^ = (l + ;,-V)///i^^. (15) 

Introducing all this information into 5'^*" one is led to its (almost canonical) uncon- 
strained expression 

25--^^- =< (///i^^ - a;'^^)2/i^^ - 2/i^^(/x2 + p2)/,TT ^ 2///^^^a;'^^ > . (16) 

Redefining 2/i^^ — > h^^ and introducing the canonical momenta p'= ph?^^ — co^'^ eq. 

(16) transforms into 

25^- =< ph^^ - 2-'h^^ip^ + p^)h^^ + 2a;^^(p + a;^^) > . (17) 

which, after making independent variations of u!^'^ attains the standard canonical structure 
for the unique massive excitation carried out by h'^'^. 

Note that p ~ ph^^. The self-dual character of the action due to the j:)rcsciice of the 
vectorial CS term constrains the tranvcrsc part of /ly, /ij — {idj)h^^ + djh^^, to carry 
on both the local physical excitation h^'^ and its canonical momenta. Moreover action 

(17) docs not contain either of the longitudinal gauge sensitive variables /i^^, /i^^, (as 
it must happen) because of the gauge invariance of S^^'^ with respect to Shij — di^j. 

Now we focus on the curved action S. It is convenient to introduce the 2-|-l variables 
^ijj Qi^^iOj = '>T'~^j ^oj — ^"^o dimensional inverse of e^j, e^j: e^jCj^ = 5^. 

It is inmediate to realize that 36 = e'^^^er'^Cs^et^ = 2en, eo° = n + VjC^^pi. In terms of 
these variables 5* has the form 

2i^^S =<2LUo°{e'^diqj + 2ee^~^cofj} 

+ 2uJ{e'^diefl+ 2eq^{e^~^uj2 - u/^) - 2ee^-u;ft°} 
- 2eo^{e^^a,a;/ - p.t'^ d^q^ + 2'^ 2eJ^ u; - 2'^ 2eJ lu? ^} 
+ 2eJ{e'^d,u:fi + pe'^d^Cfi + 2e(cu'^' - e^''"o^)a;/} 
+ [iiqi - 2ui^]e'^ diqj - [2a;,^ + //e,^]e^'^aoe;,; > 
=<2uo^Vq + 2uo% + 2eooC° + 2eoA+ 

+ [txqi - 2ui^]e'^doqj - [2ua + f^e,i\e'^ doe^j > . (18) 



The interacting structure makes the constraints to become highly non hnear, especially 
the differential ones C^, Cj. The dynamical germ however remains stable, keeping its 
quadratic self-dual structure identical to the corresponding terms shown in eq. (7). The 
curved algebraic constraints are 

V-^-^e'^diqj + ^ee^'^Ufj = 0, (19) 
Vi^e'^ diCfi + 2eqj {e>~^U2 - ) - lee^i^^h'' = 0; (20) 

while the differential ones (stemming in the Bianchi identities eqs. (6)) take the aspect 

^00 ^ c^^^ijQ.^.o _ fj,e'^diqj + 2-\eJ^ujji - 2-\ecui = 0, (21) 
EOT ^ Q_-^^ioQ.^,_ ^ ^^ioQ.^.- + 2e(^/"i _ ei^^2)^^.o = q. (22) 

To understand the dynamics in the curved case we choose the transverse gauge for 
both Cij and qi. This means taking q^ = h^^ = h^^ = when we decompose qi, eij 
acoording to eqs. (11), i.e. 



qj = {id)jq^, (23a) 

Moreover: 



efj^{i^)ih^J^{^^)^{i^)jh^^ + {id)idjh^^. (23b) 



u;iO = (ia)iW^ + a,w^. (24) 
The dynamical germ becomes 

< [iiqi - 2oji'^]e'^doqj - [20;^^- + //e^rle^^'^oe^r >= 

= < -2w^q^ - 2u^^h^^ - 2oj^^h^^ >, (25) 

while the constraints (18) (19) (20) (21) acquire the form: 

^^0 ^PQ^ = 2euj2, (26) 

l^j = -e-\ph^i)eji+{td)iq'' ■ {S' ju;2 - u;/), (27) 

C° - - pw'^ + ijpq'^ + 2-^2euj^^ujji - 2-^2euj^ = 0, (28) 

Ci^- pJ^i - iiph^i + 2e{J^ - e^~^uj2)oJj^ = 0. (29) 

Observe that Cji is given in terms of h'^^, hiF^ as it is shown by eq. (23b). Con- 
sequently eq. (27) provides the value of ujj'^ in terms of /i^^, /i^-^, q^ ^ lJ^'^ ^ uF^ ^ u^'^ ^ 
uj^^. This is the role played by Vj. We then go to C°, eq. (27) which is regarded as an 
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equation to solve for = {h^'^ ,h^^ ^uJ^'^ ,u^^ ,uj^'^ ^u^^). Once we obtain q^ , it is 
introduced back into Vj (27) which then yields ujj^ = ijjj^{h^'^ , h'^^ ,u'^'^ ,u;'^^ ,uj^'^ ,oj^^). 
This functional value of Uj^ is introduced back into Cj (eq. (29)). From them we solve 
CO 1 ijJ in terms of the remaining four variables h , h ,_ u , u . These values 
can also be substituted into the previous functionals q^ and LOj^ so we have a;-,°, , uF'^ , 
uF^ expressed as functionals of (/i^^, YF^ ^ o;^^, uj^^). If we then insert all these expres- 
sions into we arrive to a functional equation which determines cj^^ = uj^^ {h'^'^ , Z?/^'^, 
uj^'^). And back again to the previous expressions we will get u^j*^, (F , uF'^ , uF^ ^ lo^^ as 
functionals of (/i^"^, /i^^, uj^'^). 

After all this procedure is done we will have the unconstrained action in terms of the 
physical excitation h^'^, the canonical momenta p ~ ///j,-^^ — u>^'^ and an auxiliary variable 
u>^'^. Similarly to what we have explicitly seen in the linearized case, we conjeture that 
its field equation will be a constraint which can ve solved for u^'^ in terms of /i^^ and the 
canonical momenta p, giving rise to the final, unconstrained canonical action. This point 
deserves a more detailed analysis. 

Summing up, we have presented a second order, diffeomorphism invariant action con- 
taining a first order CS-term which contains one local degree of freedom corresponding to 
a propagating spin-2 massive excitation. There is a substancial difference between vector 
Chern- Simons gravity and topological massive gravity arising from the fact that here we 
have the Einstein action with the standard sign whereas in topological massive gravity the 
Einstein's action must be written with the opposite signl-*^]!^]. 
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